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Abstract The finite-time Lyapunov Exponent (FTLE) is useful for the visualiza-
tion of time-dependent velocity fields. The ridges of this derived scalar field have
been shown to correspond well to attracting or repelling material structures, so-
called Lagrangian coherent structures (LCS). There are two issues involved in the
computation of FTLE for this purpose. Firstly, it is often not practically possible
to refine the grid for sampling the flow map until convergence of FTLE is reached.
Slow conversion is mostly caused by gradient underestimation. Secondly, there is a
parameter, the integration time, which has to be chosen sensibly. Both of these prob-
lems call for an examination in scale-space. We show that a scale-space approach
solves the problem of gradient underestimation. We test optimal-scale ridges for
their usefulness with FTLE fields, obtaining a negative result. However, we propose
an optimization of the time parameter for a given scale of observation. Finally, an
incremental method for computing smoothed flow maps is presented.

1 Introduction

The idea behind Lagrangian coherent structures (LCS) is to find material surfaces
which separate regions of the fluid with different long term particle movement be-
havior. In other words, we want to find coherent structures based on their influence
on material transport and detect transport barriers in the flow. Attracting LCS are
structures on which nearby trajectories accumulate. Conversely, repelling LCS lo-
cally exhibit the highest rate of repulsion. The FTLE-based approach to LCS was
introduced by the seminal work of Haller and Yuan [HY00]. Even though FTLE
ridges are not always perfect indicators of the LCS [Hal02], they have been shown
to work well in a large number of applications [PD10].
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For dynamical systems where there is no limit on integration time and spatial
resolution of the field it is possible to use very long integration times and very high
sampling densities. For practical data and computational resources this can be im-
possible to do. Often there is only a finite time interval of the flow available, the
spatial resolution of the discretization is limited and the sampling density has to be
kept as large as possible to reduce computational effort. In this paper we show that
scale-space theory [Lin94] offers answers to these problems.

Originally scale-space was developed for detecting features at different scales in
digital images. Typical such features are edges and ridges. There are several benefits
of extracting ridges in scale-space:

• When extracting features we have to use operators of finite size for gradient es-
timation and other operations. The scale-space approach inherently solves the
question of which size should be selected.

• Selecting the scale where the ridges are most distinctive improves the quality of
the result.

• The scale of detection contains valuable information about the feature. For ex-
ample ridges detected only at very small scales of observation are often noise.

Following the related work section, Section 3 addresses the numerical computa-
tion of FTLE. The two standard ways are described in Section 3.1, while Section 3.2
explains our scale-space approach. Scale-space extensions to ridge extraction are
presented in Section 4 and a faster method for computing smoothed flow maps is
described in Section 5.

2 Related Work

There is a wide range of topological methods for flow visualization. For an overview
we refer to state-of-the-art reports on this topic in general [LHZP07] and the special
case of unsteady flow [PPF∗10].

Haller [Hal00, Hal01] proposed that a repelling LCS appears as a ridge of the
forward-time FTLE field, whereas attracting LCS appear as ridges of the backward-
time FTLE field. Shadden et al. [SLM05] define an LCS as a ridge of the FTLE
field and derive an estimate for the material flux through FTLE ridges. Tang et
al. [TCH10] suggest a method to extend a given finite velocity field to an in-
finite domain to solve the problem of trajectories leaving the domain. Recently,
Haller [Hal10] presented examples of dynamical systems where stable and unstable
manifolds cannot be extracted as ridges of the FTLE field and suggested a varia-
tional approach to LCS extraction.

The computational effort to compute the flow map and for the extraction of FTLE
ridges is substantial. Therefore there are several suggestions on how to reduce the
required amount of computation. Garth et al. [GGTH07] computed FTLE on planar
cross-sections and used direct volume rendering instead of an explicit ridge extrac-
tion. In a later work [GWT∗08], FTLE computation is restricted to offset surfaces
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at walls. Sadlo et al. [SP07] and Lekien and Ross [LR10] suggested an adaptive
refinement strategy for ridge extraction that reduces the number of flow map in-
tegrations. Sadlo et al. [SRP10], Lipinski and Mohseni [LM10], and Brunton and
Rowley [BR10] exploit temporal coherency for fast FTLE (ridge) computation for
multiple time steps. Jimenez [JV09] presented a GPU-based FTLE computation for
regular 2D grids.

Scale-space theory has been developed by the computer vision community and
received much attention in the 1990s. For a general introduction we refer to the book
and tutorial of Lindeberg [Lin94, Lin96]. The main concept is that an image can be
extended to a family of smoothed images where the size of the smoothing kernel is
parameterized by the scale parameter. Since the detection of features such as ridges
is crucially dependent on the size of the gradient estimation stencil, the scale-space
representation is a natural approach to select the optimal range for all image oper-
ations. Lindeberg [Lin98] discusses a ridge detection approach where an optimal
scale is selected at each point based on a strength criterion for a ridge. Florack and
Kuiper [FK00] propose to analyze the deep structure of an image, that is, to consider
all levels of smoothing simultaneously. Scale-space methods are to be distinguished
from multi-resolution methods, where data are represented at lower resolutions, e.g.
by applying a wavelet transformation, and where typical applications are data com-
pression and progressive visualizations.

In the visualization community there are several works exploring the applicabil-
ity of scale-space theory. Bauer and Peikert [BP02] present a technique to extract
vortex core lines in scale-space. Klein and Ertl [KE07] track vector field critical
points in scale-space. Kinsner et al. [KCS08] present a GPU implementation for
2D ridge detection. Recently, Kindlmann et al. [KSSW09] proposed a scale-space
approach to extract crease surfaces in tensor data. An interesting extension to the
approach of Lindeberg is that their approach tries to maintain the spatial continuity
of the scale.

3 Numerical computation of FTLE

In this section we describe two numerical methods to compute the FTLE field.

3.1 Methods based on discretized flow map and on renormalization

In a given time-dependent velocity field u(x, t) the trajectory (pathline) seeded at
(x0, t0) is the solution φx0,t0(t) of the initial value problem

∂

∂ t φx0,t0(t) = u(φx0,t0(t), t)
φx0,t0(t0) = x0

(1)



4 Raphael Fuchs, Benjamin Schindler and Ronald Peikert

By keeping t0 and t fixed, but varying x0, we obtain the flow map φ t
t0(x0). Its gradient

F = ∇φ t
t0(x0) leads to the right Cauchy-Green deformation tensor C = FTF and to

the FTLE
FTLE(x0) =

1
t− t0

ln
√

λmaxC (2)

Computation of the FTLE field can be done in two ways. In the flow map
method [Hal01], the flow map is computed on all nodes of a sampling grid, and then
the FTLE field is computed using finite differences for the gradients. The renor-
malization method [BGGS80] also starts with a finite-difference stencil (given point
plus two neighbor points per dimension). The trajectories of the central point and
the neighbor points are computed simultaneously, and after each integration step
the neighbor trajectory is renormalized, i.e., the distance of the neighbor trajectory
and the central trajectory is restored by moving the current point on the straight
line connecting the central trajectory and the neighbor trajectory (see Fig. 1). In
other words a multiplier is applied to the distance between the central (fiduciary)
trajectory and the neighbor trajectory. After integrating over the full time interval
[t0, t0 +T ], the product of these multipliers is computed per trajectory, and the in-
verse of it is applied to its end point. The difference between the two approaches is
that renormalization improves the accuracy of the FTLE at the given point, while
the first yields a more representative value for the grid cell represented by the point.
In a recent comparison, Kasten et al. [KPH∗09] used the terms L-FTLE and F-FTLE
for FTLE computed with and without renormalization.

By definition, FTLE converge with increasing integration time T to Lyapunov
exponents (which exist under the conditions of the Oseledec theorem). This can
be used to approximate Lyapunov exponents by computing FTLE with sufficiently
large T . However, for this purpose it is crucial to use a method based on renormal-
ization rather than a sampled flow map. The latter approach is easily seen to fail, for
example, if the velocity field is fully recirculating, i.e., has no normal component on
the domain boundary. In this case the flow map has bounded range, and due to the
fixed sampling grid, any estimated flow map gradient is also bounded. Therefore,
with growing T , the FTLE estimate converges to zero.

The practical consequence of this is that for FTLE computed with the flow
map method, it does not make sense to compare values for different integration
times T1 and T2, e.g. for numerically checking convergence. Also, concepts such as
MFTLE [Sad10] inherit this problem.

Sadlo [Sad10] discusses the problem that FTLE computation with the two meth-
ods give quite different results in the case of a flow that splits without shear (see
Fig. 2). This case can be illustrated by the velocity field

u(x,y) =
(

1
v(x,y)

)
wherev(x,y) =

{
0 x < 0

csgn(y) x≥ 0 (3)

Its flow map, in the interesting region −T ≤ x≤ 0, is
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φ
t0+T
t0 (x,y) = φ

T
0 (x,y) =

(
x+T

y+ c(x+T )sgn(y)

)
(4)

and its gradient is

∇φ
t0+T
t0 (x,y) =

[
1 0

csgn(y) 1+ cT δ (y)

]
(5)

where δ (y) is the Dirac delta which is infinity at y = 0 and zero elsewhere. The
FTLE is then also a Dirac delta, for small cT it is approximately cδ (y).

x

∆x

T

x

T

∆x

d d
d ∆xi+1

i

Fig. 1 Flow map computation without and with
renormalization.

Fig. 2 Synthetic example of a flow
splitting at an obstacle at the non-
negative x-axis.

If the FTLE is computed with renormalization, this works correctly everywhere
except on the x-axis. However, even though this method is likely to give correct
FTLE values everywhere where evaluated, the resulting visualization would miss
the only important feature, namely the infinitely thin ridge. For the purpose of visu-
alizing LCS, the renormalization method can therefore not be used. The usual way
is to sample FTLE on a grid and to use finite differences for estimating the gradients.

If FTLE is computed with finite differences of the flow map, the infinite gradient
at y = 0 gets estimated as a value which is inversely proportional to the sampling
density. This causes a problem in adaptive methods, where the computed function
should not depend directly on the sampling density. The problem is how to define a
stopping criterion, given the fact that estimated FTLE values can depend directly on
the mesh width.

Even though velocity fields from CFD simulations do not have discontinu-
ities, they have large gradients especially at boundaries. In principle, gradients are
bounded, and therefore by sampling the flow map fine enough, the problem could
be solved. However, the sampling would have to be at least as fine as the smallest
cells of the CFD grid, and even if adaptive sampling was used [SP07], the refine-
ment cannot be limited to the local density of the CFD grid because the flow map
can connect regions of different sampling densities. In practice, this means that the
problem of the “flow split without shear” exists, because the necessary sampling
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density cannot be afforded. The problem can be alleviated by using spline interpo-
lation in the estimation of flow map gradients [GGTH07]. The approach presented
in the current paper allows to use adaptive sampling of the FTLE field during ridge
computation, while avoiding the problem of underestimating the gradient during the
process.

3.2 FTLE computation from smoothed flow map

The proper way of dealing with the above discretization issues is to work in scale-
space [Lin94]. Instead of using the original flow map which is possibly sampled
too coarsely to resolve all features contained in the underlying numerical velocity
field, a smoothed version is used. In the classical scale-space approach, smoothing
is done with a Gaussian Gσ with standard deviation σ , which is called the scale of
observation. The scale of observation can be chosen as fine as the smallest cells of
the data grid, or it can be chosen larger to either reduce computation time or focus
at larger scale features.

If the flow map from the above example is smoothed with Gσ , then the step
function sgn(y) becomes erf(y/(

√
2σ)) and thus the flow map gradient

∇φ
t0+T
t0 (x,y) =

[
1 0

csgn(y) 1+2cT Gσ

]
(6)

The FTLE is now (for small cT ) approximately 2cGσ . That means, in this example,
the FTLE ridge is a Gaussian with a standard deviation that equals the scale of
observation. Here, a sampling density of σ would suffice to reconstruct the FTLE
ridge.

In general, the relationship between the scale of observation and the minimal
sampling density is more complicated, and in particular, depends on the integration
time T . It is intuitively clear that the frequencies contained in an FTLE field increase
if the integration time T increases, because the longer the integration time is, the
longer does the stretching-and-folding effect distort the flow map.

This leads to the assumption that for a given T there is a minimum sampling den-
sity for the flow map such that the FTLE can be reliably computed. By convolving
this flow map with a Gaussian, high frequencies can be removed again and the LCS
(FTLE ridges) are obtained at a larger scale.

We are not aware of any analytical derivation of the minimum sampling den-
sity needed to compute the FTLE of a given velocity field for a given T . However,
the minimum sampling density can be found algorithmically by performing a (lo-
cal) subdivision as long as the FTLE value changes more than a prescribed error
threshold. When comparing two subdivision levels it is important to do this using
the same scale of observation. The effect is that high gradients are no longer esti-
mated inversely proportional to the sampling width. It is also important to compute
the flow map gradient not with finite differences but by convolution with derivatives
of the Gaussian.
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This way, scale-space provides the solution for the adaptive refinement problem.
If the scale parameter s is kept fixed, flow map samples can be added adaptively
without the aforementioned detrimental effect of the decreasing sampling width.
Fig. 3 shows FTLE computed at two different scales from the well-known “double
gyre” velocity field [SLM05]. A second example is a simulated 2D air convection
flow (Fig. 4).

Fig. 3 FTLE of the “double gyre” field, computed with T = 10, and colored from 0 (blue) to 0.4
(red). Scale 0.004 (left) and 0.016 (right). The size of the domain is 2.0×1.0.

Fig. 4 FTLE of the convection data, computed with T = 0.5, and colored from 0 (blue) to 7 (red).
Scale 0.0004 (left) and 0.0012 (right). The size of the domain is 0.1×0.1.

4 Ridge extraction from FTLE fields

In this study we did all ridge extraction with the C-ridge method [SPFT11] which is
computationally easier and produces less noisy results than the (maximum convex-
ity) height ridge [Ebe96]. According to either ridge definition, a point lies on a co-
dimension one ridge if the FTLE field assumes a maximum in a specified transver-
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sal direction. The transversal direction is an eigenvector of C or of the Hessian of
the FTLE, respectively, and the corresponding eigenvalue must be negative and the
minimum eigenvalue. Haller postulates [Hal10] that this eigenvector of C is perpen-
dicular to the intended ridge direction. Our choice of the C-ridge is not crucial, the
height ridge could as well be chosen. For extracting FTLE ridges we need as pre-
computed data the FTLE value and the transversal direction on the points of a (regu-
lar or adaptive) sampling grid. The ridge extraction is then done per sampling point
and consists in finding a nearby FTLE maximum along the transversal direction,
where “nearby” means within a 1-cell neighborhood. Finding the FTLE maximum
is done using bisection and by looking for a zero crossing of the FTLE gradient.
The FTLE gradient is estimated by convolution with the gradient of a Gaussian, the
standard deviation of which is the scale parameter of the ridge extraction.

Fig. 5 Ridges of the FTLE fields from Fig. 3, colored by ridge strength (red=high). At a higher
scale many of the smaller ridges are removed.

Fig. 6 Ridges of the FTLE fields from Fig. 4, colored by ridge strength (red=high). At a higher
scale, we can see that the ridge separating the large and the small room is the most prominent.
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4.1 Optimal scale ridges of FTLE

The FTLE field can be interpreted as a 2D or 3D image, and therefore the concept
of scale-space ridges [Lin98] is directly applicable. It will extract ridges of different
scales by automatically adapting the local scale of observation to the “width” of the
ridge. A scale-space ridge point is a ridge point with the additional property that it is
a maximum of the ridge strength in the transversal direction given by the particular
ridge definition. Among the various measures for ridge strength, we chose the nor-
malized curvature, i.e., the second derivative of FTLE in the transversal direction,
multiplied with the normalization factor s

3
4 , where s is the scale parameter.

The procedure for extracting scale-space extends the one described in Section 4
by a loop over the scales. In addition, any ridge point obtained at scale si is checked
for being also a scale-space ridge point. For this, corresponding ridge points in scales
s j (with j = i− 1, i, i+ 1) are searched for on the line given by the transversal di-
rection. Then the ridge strength for the three ridge points is computed. The required
second derivative of the FTLE in the transversal direction is computed using the
Hessian of FTLE which is obtained by convolution with the Hessian of Gs j .

When extracting scale-space ridges from our two test data (Fig. 7) it turned out
that ridge points were indeed extracted at different scales. However, by comparing
the scale-space ridges with a set of fixed-scale ridges (using the same scale for FTLE
computation and for ridge extraction), it turned out that the scale-space ridge is very
similar to one of the fixed-scale ridges. Surprisingly, however, this fixed scale turned
out to be smaller than the σ that was used in the FTLE computation. In both cases,
this scale is roughly 0.75σ . We do not claim that there exists such a factor, but it
seems that it is not optimal to extract ridges at the same scale as was used for FTLE
computation. A slightly smaller scale may yield more meaningful detail.

Fig. 7 Left: Scale-space ridges of FTLE computed with σ = 0.08 (double gyre) and σ = 0.004
(convection flow). Ridges are colored by scale. Left: double gyre, blue=0.25σ , red=2σ . Right:
convection, blue=0.5σ , red=1.5σ .
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There exists an alternative way of computing scale-space ridges of FTLE. Rather
than using a fixed FTLE “image”, FTLE computation can be done on-the-fly and at
the same scale as the subsequent ridge extraction. The results (Fig. 8) again are visu-
ally close to ridges extracted at a single scale. In Fig. 8(left) the range of scales was

Fig. 8 Scale-space ridges where computation of FTLE is done on-the-fly for the double gyre data.
Integration time was T = 10 (left) and T = 4 (right). Range of scales: 0.002 (blue) to 0.016 (red).

chosen such that even the smallest scale produces a smoothed FTLE image. Con-
sequently, the scale-space ridges are similar to the fixed-scale ridges at this lowest
scale. Larger scales do not contribute much besides slightly deforming the ridges.
In Fig. 8(right) the flow map has only large-scale features, and the range of scales
was chosen such that it extends below the minimum scale of the features. Here, the
ridge image is similar to a fixed-scale image at an intermediate scale.

Based on the observation that larger scales have little contribution to FTLE
ridges, the only potential advantage of the scale-space ridge method is that it can
detect the minimum feature scale. However, this information is also obtained from
adaptive FTLE computation. It is certainly more efficient to first compute an FTLE
and let it follow by a ridge extraction using the same scale, or possible a slightly
smaller scale, taking the above observation into account. This can be done also if a
spatially varying scale is used.

4.2 Optimal integration time ridges of FTLE

In Section 4.1 it was assumed that the integration time T was given and an optimal
scale was searched for. However, in the context of FTLE ridges it is even more use-
ful to search for an optimal integration time, given a scale of observation. Comput-
ing such optimal integration time ridges is similar to computing scale-space ridges
(Section 4.1), with looping over integration times instead of scales. However, when
comparing ridge strengths for two different integration times, we have to account
for the fact that ridges tend to get stronger with increasing T . The deformation of a
“fluid” element under the flow map is expressed by the Cauchy-Green tensor C. The
square root of the smallest eigenvalue of this tensor, λminC, expresses contraction
in the direction where this is maximized. This direction tends to be aligned with the
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FTLE ridges, therefore we propose to modify ridge strength by multiplying it with
λminC.

long-time version

short-time version

Fig. 9 Ridge of double gyre at multiple integration times T ranging from 4 (blue) to 10 (red).
We can see how the main separation in the double gyre is detected better as a combination of a
long-term FTLE ridge and a short term FTLE ridge.

Such scale-space ridges based on optimal integration time are shown in Fig. 9.
When looking at the strong ridge originating near the center of the bottom line, it can
be seen that this feature is represented twice. A short-time version of it is curved to
the right, while a long-time version is curved to the left. They both represent approx-
imations for material structures, having different life-times. Any ridge extraction at
a fixed T would give at most one of these two manifestations of the ridge.

5 Incremental computation of the flow map

If FTLE are to be computed for multiple initial times or multiple integration times,
the reuse of computed trajectories can save computing time. In the case of a fixed
initial time t0, this is easily done by extending trajectories at their end points. If
trajectories are seeded on a regular grid, this results in all flow maps sampled on this
regular grid. The case of fixed T but variable t0, needed for animated visualization,
is more difficult, because shortening trajectories at their beginning results in flow
maps sampled on distorted grids. This approach is possible [SRP10], but requires
frequent re-initialization to avoid overly distorted grids.

A better alternative is to compute partial flow maps for a sequence of initial
times t0 + i∆ t and integration time ∆ t. A contiguous subset of these are then com-
posited to the flow map for the desired sliding time window. Composition of flow
maps requires their values at arbitrary points, which are obtained by convolution
with a Gaussian kernel. Of course, such a repeated smoothing requires the choice
of a smaller σ . Convolution with Gσ repeated N times is equivalent to convolu-
tion with G√Nσ

. In the proposed incremental approach convolution alternates with
application of partial flow maps. Therefore, it is hard to determine the standard de-
viation for the single flow map method that exactly corresponds to the partial flow
map method with Gσ . Nevertheless, our experiments showed that

√
Nσ works in a

qualitative sense.
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Fig. 10 (left) FTLE computed with single flow map and (middle) composition of partial flow
maps, colored from 0 (blue) to 7 (red). The faster, approximate method (middle) yields visually
almost identical results. (right) Ridges (at scale 0.0008) of the above two FTLE fields computed
with single (red) and partial (blue) flow map method, colored black where identical within pixel
precision.

With this setting, the partial flow map method produced FTLE values with a mean
absolute error of 0.025, at a data range of [−1.16,7.36], which are barely noticeable
in Fig. 10. In the extracted ridges, the error is mostly below the sampling width of
the grid (Fig. 10 (right)). In the “double gyre” example, the mean absolute error is
only 0.0004, at a data range of [0.005,0.424] and the extracted ridges are visually
indistinguishable.

Often, an exact scale value is not required, e.g., when computing optimal-scale
ridges (Section 4.1). It has to be pointed out that the number of partial flow maps
must be kept relatively small because the standard deviation cannot be chosen arbi-
trarily small. We observed that for sufficient approximation quality this should be
about 2.0 times the sampling width.

The incremental computation reduces the integration time by a factor 1/N, as-
suming that a sequence of flow maps for successive times is computed. Gaussian
smoothing has to be done N times instead of just once. If done efficiently, com-
puting time for one such smoothing is dominated by the forward and inverse FFT
operation. This means that a speedup of close to N can be achieved by using the
partial flow map method.

6 Conclusion

In this paper we showed that the scale-space offers an elegant way to cope with
undersampling problems that can occur due to limited space and computing time
availability. This way, smoothed FTLE fields can be correctly computed, even in
adaptive methods, where existing methods produced results that were biased by the
sampling width. Also, a series of smoothed FTLE in a sliding time window can be
computed efficiently using a set of partial flow maps.

An often criticized problem of FTLE is its dependence on a parameter, the
integration time. While FTLE itself is not parameter-free, FTLE ridges become
parameter-free with our proposed definition of optimal-integration time ridges.
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Finally, a topic that deserves further study is how to handle trajectories that pre-
maturely leave the domain. Given the strong dependence of FTLE on the choice of
T , it seems problematic to include such trajectories into FTLE visualizations and
into further processing such as ridge extraction. On the other hand, excluding them
means to exclude large parts of the domain from visualization. Fully recirculating
flow, as we used in our examples, is the exception rather than the rule in application-
related velocity fields.
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